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RATIONAL CURVES IN THE MODULI OF SUPERSINGULAR K3 SURFACES 


MAX LIEBLICH 


Abstract. We show how to construct non-isotrivial families of supersingular K3 surfaces over ratio¬ 
nal curves using a relative form the Artin-Tate isomorphism and twisted analogues of Bridgeland’s 
results on moduli spaces of stable sheaves on elliptic surfaces. As a consequence, we show that 
every point of Artin invariant 10 in the Ogus space of marked supersingular K3 surfaces lies on 
infinitely many pairwise distinct rational curves canonically associated to elliptic structures on the 
underlying K3 surface. 
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1. Introduction 

In this paper we study certain special rational curves in moduli spaces of K3 surfaces that are 
generated by cohomology classes. In particular, we focus on two results. Fix an algebraically 
closed field k of characteristic p > 0 throughout this paper. Let (for now) vr : X —>■ Spec k be the 
structure map of a supersingular K3 surface. 

Theorem 1.1 (Artin). The fppf is representable by a smooth group scheme over k, and 

the connected component of the identity is isomorphic to Ga. 

This is a special case of a result of Artin, published as Theorem 3.1 of |2| with the caveat that 
the proof would be published elsewhere. I have not found the proof in the literature, so I provide 
a moduli-theoretic proof here. Using these “rational curves in cohomology,” we then prove the 
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following, which is essentially a relative version of the Artin-Tate isomorphism (Theorem 3.1 of 
[21] . generalized in Proposition 4.5 of [5]). 


Theorem 1.2. Given a fip-gerbe 

^ X 

inducing an isomorphism (in Theorem^lj) and a choice of elliptic fibration X —P^, there 

is a canonically defined open substack of the stack of coherent ^-twisted sheaves that is a Gm-gerbe 
over a non-isotrivial family P —)■ A^ of K3 surfaces. Moreover, the structure map ofY admits a 
factorization 

F ^ pi X A^ 

such that for each geometric point t — A^, the morphism 


is an etale form of 


X ® nf) —)■ pi (g) nf), 


and the fiber over 0 G Ai is isomorphic to the original elliptic structure X —)■ pi. Finally, distinct 
elliptic structures on X give rise to distinct families ofK3 surfaces Y. 


The family Y —)■ pi in Theorem 11.21 can be made to belong to various moduli problems (the 
Ogus space of marked K3 surfaces, the space of polarized K3 surfaces, etc.), at least over open 
subsets of the base Ai. As a consequence, the formation of moduli spaces of twisted sheaves can 
be used to trace out rational curves on various moduli spaces using rational curves of cohomology 
classes. 


1.1. Outline. In Sections [2] and [3] we prove a few preliminaries about the fppf cohomology of 
on families of curves and the singular hbers of elliptic K3 surfaces. This is followed by a proof 
of Theorem O in Section 0] and a proof of Theorem 11.21 in Sections [5] and [6] Finally, in Section [T] 
we show that distinct elliptic pencils give rise to distinct rational curves in moduli. 

We have included the bare minimum in this manuscript necessary to get the theory off the 
ground and provide an adequate reference for [n]. 

1.2. History. The work described here has been developing since 2011. I started giving public 
lectures about it in 2012 (see, for example, the Banff video 

http://videos.birs.ca/2012/12w5027/201203271601-Lieblich.mp4 

available since May of 2012) and discussed it by email and in person with various parties in 2012 
and 2013. It was also described in my contribution to the 2012 Simons Symposium [10] (published 
in April of 2013). 

1.3. Acknowledgments. I had many helpful interactions with Valery Alexeev, Brendan Hassett, 
Daniel Huybrechts, Aise Johan de Jong, Nick Katz, Dino Lorenzini, and Davesh Maulik during 
the preparation of this manuscript. 
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2. A few remarks on the cohomology of on a family of curves 

The following are very well known for etale cohomology with coefficients of order prime to 
the residue characteristic. They are also true for fppf cohomology with coefficients in as we 
record here. 


Lemma 2.1. Suppose C is a proper smooth curve over an algebraically closed field k. The Rummer 
sequence induces a canonical isomorphism 


Pic(C')/pPic(C') = Z/pZ ^ H2(C', /Xp) 


Proof. By Tsen’s theorem G^) = 0. Since the pth power Kummer sequence is exact on the 

fppf site, the result follows. □ 


Proposition 2.2. Suppose Z G is a proper smooth morphism of finite presentation of relative 
dimension 1 with G connected and a G H^(Z, There exists a unique element a G Z/pZ such 
that for every geometric point g —I G, the restriction azg is equal to a via the isomorphism of 

Lemma\27k 


Proof. It suffices to prove this under the assumption that G is the spectrum of a complete dvr. 
Lemma 2.3. When G is the spectrum of a complete dvr, we have that H^(Z, Gm) = 0. 


Proof. First, since Z is regular the group is torsion. Thus, any Gm-gerbe is induced by a ^,j-gerbe 
for some n. Fix a ^,j-gerbe Z. By Tsen’s theorem and Lemma 3.1.1.8 of [8], there is an 

invertible .^-twisted sheaf L, where g is the closed point of g. The obstruction to deforming 
such a sheaf lies in 

H^(Z, ff) = 0, 


so that L has a formal deformation over the completion of By the Grothendieck Existence 
Theorem for proper Artin stacks. Theorem 11.1 of [18] (or, in this case, the classical Grothendieck 
Existence Theorem for coherent modules over an Azumaya algebra representing a), this formal 
deformation algebraizes, trivializing the class of ^ in H^(Z, Gm), as desired. □ 


Applying the lemma and the Kummer sequence, we see that 

Pic(Z)/pPic(Z)4H2(Z,^,). 

But restricting to a fiber defines a canonical isomorphism 

Pic(Z)/pPic(Z) 4 Fic{Zg)/pFic{Zg) 4 Z/pZ 
independent of the point g. The result follows. □ 


Corollary 2.4. Suppose Z C Z —)■ T is a family of smooth genus 1 fibers in a proper flat family of 
elliptic surfaces of finite presentation over a connected base. Given a class 

a G H2(Z,/Xp), 

there is an element a G Z/pZ such that for every geometric point t E T, the restriction of a to Et 
equals a via the isomorphism ofLemma\27K 
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Example 2.5. This kind of thing is not as utterly trivial as it seems. Consider the cuspidal cubic 
C. The Kummer sequence shows that there is a class a G ll\C X whose value over 

0 is trivial and whose value over any other geometric point is non-trivial. In fact, there is an 
isomorphism of fppf functors 

where / : C* —)■ Spec k denotes the structure map. When multiplication by p on the Picard 
scheme is ramihed (or trivial, as in the case of Go), interesting behavior is possible. This makes 
the study of stable twisted sheaves of rank 1 on families of /x^-gerbes on elliptic surfaces somewhat 
interesting. 


3. Singular hbers of elliptic K3 surfaces 

I am indebted to Aise Johan de Jong for pointing out an error in an earlier version of this 
section, for telling me about extremal elliptic surfaces, and for suggesting the idea of using k- 
rational j-invariants to augment the locus of singular hbers in the extremal case (as used in 
Corollary 15.21 below). 

Let X —)■ be a proper morphism from a K3 surface with smooth geometrically connected 

geometric hber of dimension 1. Recall that there is an associated Jacobian hbration vr : J —)■ 
(see, e.g.. Section 4 of Chapter 11 of [6]) that is also a K3 surface, but that possesses a 
section a : P^ ^ J. Using the classihcation of singular hbers and relative minimality of elliptic 
hbrations on K3 surfaces, we know that there is an etale surjection [/ —)■ P^ such that Xu and 
Jjj are isomorphic (see Corollary 5.5 of Chapter 11 of f6j). In particular, X and J are hberwise 
isomorphic. 

We will hx X —)■ P^ and J —)■ P^ in what follows. Recall the Shioda-Tate formula: if r* is the 
number of irreducible components of the hber of vr over t, then 

p(J) = 2 -f ^(n - 1) +rk J(A:(t)), 

t 

the last term being the rank of the MordelTWeil group, the group of rational points on the generic 
hber of tt. 

Proposition 3.1. Either Ti : J — )■ P^ has at least 3 singular fibers or the j-invariant of Jn does not 
lie in k C k{f). 

Proof Suppose there are m singular hbers The Kodaira classihcation of singular 

hbers of minimal elliptic hbrations (Theorem IV.8.2 of [20] ) shows that every singular hber 
with Hi components has f'-adic Euler characteristic 


X(F, Zi) <ni + l. 
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Since a smooth curve of genus 1 has Euler characteristic 0, we have two inequalities 

m 

2 — 2m + + 1) = p{.X) — ikJ{k{t)) < 22 

i=l 

m m 

J2x{F^,^e) = 24<J2{n^ + l), 

i=\ i=l 

the hrst coming from the Shioda-Tate formula. Letting S = + 1), this yields 

24 < ^ < 22 + 2m. 

We conclude that m > 2, and if m = 2 then we must have rk J{k{t)) = 0. In other words, when 
m = 2 the surface J is extremal. By Theorem 6.1(1) of (which, in spite of the paper’s title, does 
not assume that the base held has characteristic 2 or 3), the latter implies that the j-invariant of 
Jk(t) does not lie in k, for otherwise J would be rational (and we know it is a K3 surface). □ 

Corollary 3.2. Let X be a supersingular K3 surface and / : X —> a morphism with smooth 

connected geometric generic fiber of genus 1. Then either 

(1) / has at least three singular fibers, or 

(2) for any algebraically closed extension field k <Z K and any element a E k, the set of points t E 
P^(X) such that j{Xt) = a lies in the image of the extension of scalars map P^(fc) P^(X). 

Proof. As noted in the hrst paragraph of this section, the singular hbers of / are the same as the 
singular hbers of the Jacobian hbration vr : J —I P^, and for any geometric point f —)■ P^ that 
avoids singular hbers, we have j{Xt) = j{Jt)- By Proposition 13.11 if vr has only two singular hbers 
then the j-invariant map 

J : pi —^ Ai 

is non-constant, hence quasi-hnite. But if Z —I W is any quasi-hnite morphism of schemes of 
hnite type over an algebraically closed held k and fc C A is an algebraically closed extension 
held, the diagram 

Z{k) - ^W{k) 

Z{K) - ^W{K) 

is Cartesian. Indeed, the hber of Z —>■ W over a /c-point p —)■ IT is a hnite fc-scheme, whose 
reduced structure must be isomorphic to a disjoint union of copies of Spec k by the structure 
theory of hnite-dimensional algebras over a held. □ 

4. Proof of Artin’s result 

Fix a supersingular K3 surface X over k and let tt : X —l Spec k denote the structure 
morphism. In this section, we prove Theorem O using the stack of Azumaya algebras on X. 
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Theorem 4.1. The big fppf is representable by a smooth group scheme over k whose 

connected component is isomorphic to G^. 

We will write ^ = R^tt */Xp in the remainder of this section. 

Proposition 4.2. The diagonal 

is representable by closed immersions of finite presentation. 

Proof. Let a,b : T —^ be two maps corresponding to classes 

a, 6 e H°(T, R^7r*/Xp). 

To prove that the locus where a = b is represented by a closed subscheme of T, it suffices by 
translation to assume that 6 = 0 and prove that the functor Z[a) sending a T-scheme S' —)■ T to 
0 if 05 7 ^ 0 and {0} otherwise is representable by a closed subscheme Za C T. 

First, suppose a is the image of a class a G corresponding to a ^^-gerbe ^ —)■ X^. 

Since R^vr^^p = 0, we see that the functor Z{a) parametrizes schemes S' —)■ T such that there is 
an a' G H^(S', with 

Cr'\xs = Cr.\xs- 

Let T be the stack whose objects over S ^ T are families of <^ 5 -twisted invertible 

sheaves together with isomorphisms —)■ The stack ^ is a ^p-gerbe over a quasi- 

separated algebraic space P ^ T that is locally of finite presentation (Proposition 2.3.1.1 of [7j 
and Section C.23 of [Ij). Moreover, since Picx is torsion free, the natural map P —y T is a 
monomorphism. Note that if we change a by the preimage of a class a' G H^(T, nf we do not 
change P (but we do change the class of the gerbe ^ P by a'). 

Lemma 4.3. The algebraic space P ^ T is a closed immersion of finite presentation. 

Proof. First, let us show that P is of finite presentation. It suffices to show that P is quasi-compact 
under the assumption that T is affine. Moreover, since ^ is locally of finite presentation, we may 
assume that T is Noetherian. By Gabber’s Theorem (Theorem 1.1 of [4|) there is a Brauer-Severi 
scheme V ^ X such that a\v has trivial Brauer class, i.e., so that there is an invertible sheaf 
L G Pic(G) satisfying 

ak = [ L ]*'''-6 

where denotes the /Xp-gerbe over V parametrizing pth roots of L. Writing 

y = ^ xxt V, 

we know from the isomorphism y = that there is an invertible "P-twisted sheaf JT such 

that 


RATIONAL CURVES IN THE MODULI OF SUPERSINGULAR K3 SURFACES 


7 


Let W denote the algebraic space parametrizing invertible ^-twisted sheaves whose pth tensor 
powers are trivial. By the argument in the preceding paragraph, tensoring with defines an 
isomorphism between W and the fiber of the pth power map 

Pic\//T Picy/T 

over [L^]. Since the pth power map is a closed immersion [X being K3), we see that W is of 
finite type. The following lemma then applies to show that P is of finite type. 

Lemma 4.4. The pullback map Pic^/^. is of finite type. 

Proof. It suffices to prove the corresponding results for the stacks of invertible twisted sheaves. 
Since V XxV and V XxV XxV are proper over T this follows from descent theory: the category 
of invertible ,^-twisted sheaves is equivalent to the category of invertibe iP-twisted sheaves with 
a descent datum on X x ^ Thus, the fiber over L on is a locally closed subspace of 

Homyx^x(pFt L, pr2 L). 

Since the latter is of finite type (in fact, a cone in an affine bundle), the result follows. □ 

We claim that P is proper over T. To see this, we may use the fact that it is of finite presentation 
(and everything is of formation compatible with base change) to reduce to the case in which T is 
Noetherian, and then we need only check the valuative criterion over dvrs. Thus, suppose E is a 
dvr with fraction field F and p : Spec T’ —)■ P is a point. Replacing P by a finite extension, we 
may assume that p comes from an invertible -twisted sheaf Taking a reflexive extension 
and using the fact that is locally factorial, we see that extends to an invertible ^^^E-twisted 
sheaf Since Picx is separated, it follows that .^e induces the unique point of P over P 
inducing p. 

Since a proper monomorphism is a closed immersion, we are done. □ 

We now claim that the locus Z (a) C T is represented by the closed immersion P ^ T. 

Lemma 4.5. A class a G H^(Xr, fifi) represented by a pL^-gerbe —I is trivial if and only there 

is an invertible -twisted sheaf SZ such that 



Proof. Given a scheme S', the gerbe B/ip ^ —I S represents the stack of pairs (=Sf, <p) with PT an 
invertible sheaf and (p : iff is a trivialization. By definition, a is trivial if and only if there 

is an isomorphism of stacks iX" —I PpL^ x^- The result follows. □ 

Now consider the ptp-gerhe JZ* ^ P. Subtracting the pullback from a yields a class such that 
the associated Picard stack —)■ P is trivial, whence there is an invertible twisted sheaf with 

trivial pth power. In other words, 

a|p = 0 e ^{P). 

On the other hand, if al^ = 0 then up to changing a by the pullback of a class from S, there 
is an invertible twisted with trivial pth power. But this says precisely that S factors through the 
moduli space P, as desired. □ 
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Let be the fc-stack whose objects over T are Azumaya algebras of degree p on such 
that for every geometric point t T, we have 

ker(Tr : ^ B.^{X, ff)) = 0. 

It is well known that ^ is an Artin stack locally of hnite type over k (see, for example, Lemma 
3.3.1 of l^j, and note that the trace condition is open). There is a morphism of stacks 

(with the latter viewed as a stack with no non-trivial automorphisms in fiber categories) given as 
follows. Any family G Az ^ has a corresponding class 

[i/] eHi(AT,PGLp). 

The non-Abelian coboundary map yields a class in H^(A'r, pL^) which has a canonical image 

x(.5/)ghO(t,rVa^,). 

Proposition 4.6. The morphism x described above is representable by smooth Artin stacks. 

Proof. Since Az is locally of finite type over k and the diagonal of is representable by closed 
immersions of finite presentation, it suffices to show that y is formally smooth. Suppose A' ^ A 
is a square-zero extension of Noetherian rings and consider a diaagram of solid arrows 

Spec A' -s- Xz 

-r 

/ 

/ 

/ 

Spec A -^ 

We wish to show that we can produce the dashed diagonal arrow. Define a stack 5A on Spec A 
whose objects over an A-scheme V —>■ Spec A are dashed arrows in the restricted diagram 

U' -- Az 

y 

/ 

/ 

U- - 

where U' = U 0a and whose morphisms are isomorphisms between the objects of over [/ 
restricting to the identity on the restrictions to U'. 

Claim 4.7. The stack 5T —)■ Spec A is an fppfgerbe with coherent band. 

Proof. First, it is clear that is locally of finite presentation. Suppose U is the spectrum of a 
complete local Noetherian ring with algebraically closed residue field. Then H^(17, pef) = 0 and 
the section U ^ ^ is equivalent to a class 

a G H^(A;7, fip). 
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Let ^ —I X^u be a /Lp-gerbe representing a and write X' = 5^ <8)^ the restriction of 5^ to 
U' . An object of kzjy is then identihed with Shd{V) where is a locally free ^^'-twisted sheaf 
of rank p with trivial determinant. The obstruction to deforming such a sheaf lies in 

keT{R\Xu>,<^nd{V)(^I) B.\Xu>, ^® I)), 

and deformations are a pseudo-torsor under 

keT{R\Xu',M{V)(^I) =Il\Xu'M{V) I). 

Standard arguments starting from the assumption on the geometric points of Az show that the 
obstruction group is trivial, while the band is the coherent sheaf as desired. □ 

Since any gerbe with coherent band over an afhne scheme is neutral, we conclude that has 
a section. In other words, a dashed arrow exists, as desired. □ 

Proof of Theorem \4. t Using Proposition 14.61 a smooth cover B —I Xz gives rise a to a smooth 
cover i? —I Thus, by Proposition 14.21 ^ is a separated algebraic group-space locally of finite 
type. Since k is algebraically closed, it follows that ^ is in fact a group scheme locally of finite 
type. Finally, since X is supersingular we have that the completion of ^ at the identity section 
is isomorphic to G^, which is formally smooth and p-torsion. It follows that ^ is smooth over 
k with 1-dimensional p-torsion connected component. The only p-torsion smooth 1-dimensional 
/c-group scheme is Gq, completing the proof. □ 


5. Modular interpretation of the isomorphism Br = III 


Fix an elliptic K3 surface / : X —)■ over the algebraically closed field k. Given a -gerbe 

^ ^X, let 

a(^) e -Z/Z 
n 

be the unique element that corrsponds to the cohomology class of the restriction of ^ to any 
smooth fiber E G X oi f under the natural isomorphism 

-Z/Z ^ Z/nZ. 

n 


Fix an ample divisor H G X. 

Recall the following special case of a theorem of Artin and Tate (Theorem 3.1 of 


Theorem 5.1 (Artin-Tate). The edge map in the E‘^ term of the Leray spectral sequence for Gm on 
f X —I yields an isomorphism 

Br(X) ^ m(A;(f),PicXfc(,)/fc(t)), 

resulting in a natural surjection 

m(fc(t),Jac(Xfc(i))) ^Br(X) 

with kernel isomorphic to Z/iZ, where i is the index of the generic fiber X^p) overkif). 

In particular, if X —)■ P^ has a section, the latter arrow is an isomorphism. 
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Proof. This is Proposition 4.5 (and “cas particulier (4.6)”) of [5|. □ 

It follows by descent theory that any element of III(A;(t), Jac(Xfc(t))) corresponds to an etale 
form X' of X, and X' is also a K3 surface. In this section we will describe this isomorphism 
geometrically using the theory of stable twisted sheaves. This geometric description will allow us 
to take a varying Brauer class on X and produce a family of K3 surfaces (that are each forms 
of a given elliptic hbration on X) in Section [6l The central interest arises from the following 
corollary. 

Corollary 5.2. Let K/k be an algebraically closed extension field, and suppose a G Br(Xx) is not in 
the image of the restriction map 

Br(X) ^ Br(Xx). 

No etale form X' ofXx mapping to a via Theorem\fi^is defined overk. 

Proof. By functoriality of the Leray spectral sequence, the diagram 
(5.0.1) m(X(f), Jac(X;,p)))-- Br(X;,) 


Ul{kf), Jac(X,p)))-- Br(X) 

commutes. 

Since X' — )■ Pf is a form of X^ — )■ P]^, we know by Corollary 13.21 that either 

(1) X' Pf has at least three singular fibers located over the image of the map 

P\k) ^ P\K), 

or 

(2) for any a E k, the set of points t G P^(X) such that j{Xf = a lies in the image of 

P\k) -G P\K). 

If X' is defined over k then so is any divisor class, and thus the elliptic fibration 

X'^Pf 

is a X-linear change of basis from an elliptic fibration 

x'^pi 

over k. On the other hand, by condition (1) or condition (2) above, the change of basis must send 
at least three elements of P^(A;) C P^(X) into P^(/c). We conclude that the change of basis 
transforming Xg into X' is /c -linear (as any change of basis is determined by its action on three 
points, and any injective map on three fc-points determines a fc-linear change of basis). In other 
words, X' — >■ Pf is isomorphic as an elliptic fibration to the base change of an elliptic fibration 
over k, which we may assume without loss of generality is Xg —>■ P^. 
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Moreover, if X' —)■ is a form of Xk —I Pjc then Xq must be a form of X —)• P^, 

since the epimorphism property of the big etale fc-sheaves 

Isompi(X,X') ^ P^ 

can be detected after the base change via k ^ K. It then follows from diagram (5.0.1) that a 
must be in the image of the restriction map, which is a contradiction. □ 

Remark 5.3. The moral of the preceding results: a moving Brauer class gives rise to a moving 
family of K3 surfaces (and not merely a moving family of elliptic pencils), at least rationally, 
i.e., when the base of the family is the spectrum of a held. (Note that when X does not have a 
section, there is some ambiguity about this family of torsors; if we only work with torsors that are 
deformations of the trivial torsor this goes away.) We will now show that this is true in a strong 
sense by showing that the Artin-Tate isomorphism can be made regular over a /c-scheme, using 
the moduli of twisted sheaves. 

Let CH(X) denote the (graded) Chow group of algebraic cycles on X up to numerical equiv¬ 
alence. The fundamental class maps dehne embeddings of CH(X) into H(X), where H(X) is 
any of the “usual” integral cohomology theories (crystalline, f'-adic). 

Definition 5.4. Given a perfect complex F of -twisted sheaves, the twisted Chern character of 
F is 

71 ! L 

ch(F) := e CH(X)(8)Q. 

The twisted Mukai vector of F is 

v{F) :=ch(F)v/Td^. 

It is well known that given a pair of perfect complexes F and G of ^-twisted sheaves, the 
Riemann-Roch theorem holds: 

x(F,G) = deg(ch(F^®G)-Tdx). 

Moreover, the twisted Mukai vector is locally constant in a family of perfect complexes on ^ (cf. 
the following discussion and Proposition 2.2H.22 of (7)). 

Recall the following definition. Definition 2.2.7.6 of (7). 

Definition 5.5. Given a perfect complex F oi ^-twisted sheaves, the geometric Hilbert polynomial 
of F is the function Pp{m) = deg(ch(F(m)) ■ Td^)- 

As explained in Section 2.2.7.5 of [7j, Pp is a numerical polynomial with the usual properties. 
In particular, we can use it to define stability and semistable of sheaves. Write pp for the reduced 
Hilbert polynomial given by 

pp{m) = —Pp{m), 

Otd 

where ad is the leading coefficient of Pp. (See Definition 2.3.2.3 of [7].) 
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Definition 5.6. A pure .^-twisted sheaf F is stable if for every subsheaf G G F we have that 

Pcijn) < Vrijn) 

for all m sufficiently large. 

Example 5.7. If F is an invertible sheaf supported on a smooth curve in X then F is stable 
with respect to any polarization. 


Just as in the classical case of (untwisted) elliptic surfaces, we will produce a form of X by 
taking a moduli space. Recall in what follows that is a /x^^-gerbe (to remind us of what n 
means!). 

Definition 5.8. Let be the fc-stack whose objects over T are T-flat quasi-coherent 
twisted sheaves F of finite presentation such that for each geometric point t eT, the fiber has 
twisted Mukai vector (0, 0’{E),na{^) — 1) and is iL-slope-stable. 


In particular, each fiber sheaf Ft above is required to be pure (part of slope-stability), necessarily 
of dimension 1. 


Definition 5.9. We define two relative stacks. 

(1) Let —)■ be the stack whose objects over T —)■ are T-flat quasi-coherent ^ x-pi 

T-twisted sheaves F of finite presentation such that for each geometric point t E T, the 
pushforward of the fiber Ft along the natural closed immersion 

Xpi t —} X t 

is iL-slope stable with twisted Chern class (0, ff{E),na{^) — 1). 

(2) Let for the reduced closed substack given by the closure of the preimage of the generic 
point of P^. 

By the usual results on stability (summarized in Section 3.2.1 of [8j), is a G^-gerbe over 
an algebraic space Mx and is a G^-gerbe over an algebraic space Rx —^ P^- 

Remark 5.10. The reader will note that we define the stability condition in terms of the pushfor¬ 
ward of the family to , rather than in the usual classical way, in terms of a relative polarization 
on X over P^. This is done in order to avoid dealing with Hilbert polynomials on gerbes - which 
are not purely cohomological in nature - in the case of a singular variety (such as a singular fiber 
of the pencil). 

Example 5.11. When ^ ^ X h the trivial gerbe X x we can compare this to a classical 
moduli problem. There is an invertible .^-twisted sheaf (corresponding to the natural inclusion 
character G^) ^ such that ^ Tensoring with and pushing forward to 

X defines an isomorphism between ^x s^nd the stack of coherent pure 1-dimensional sheaves 
on X with determinant and second Chern class —1. As shown in Section 4 of [3], this 

stack is isomorphic to ^'°x-> which is isomorphic to the relative moduli stack of stable sheaves on 
the fibers of / : X —)■ P^ of rank 1 and degree 1, and moreover Mx is isomorphic to X over 
P^. (Note that loc. cit. works over C and only considers certain components of the moduli space. 
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However, the arguments there do not depend on the base held. If one is willing to believe that the 
moduli space hbers over by an elliptic hbration with smooth total space - following Lemma 
15.121 below - an alternative argument to see minimality of the hbration is provided by appealing 
to Mukai’s results on the symplectic structure on the moduli space of sheaves on a K3 surface, 
Theorem 0.1 of [I6]. This then implies that the moduli space is isomorphic to X, as desired.) 

Lemma 5.12. The stack is a Gm-gerbe over a smooth and separated scheme of dimension 2. 

Proof. Since parametrizes stable sheaves, it is a Gm-gerbe over its sheahhcation. Thus, 

the results will follow if we show that for any F G the miniversal deformation space is 

of dimension 2. The scheme is separated because there is a unique stable limit by Langton’s 
theorem (for twisted sheaves, as explained in Lemma 2.3.3.2 of [7]). 

Recall that there is an obstruction theory for F with values in 

ker(Tr : Ext2(F, F) ^ ^)) 

and a deformation theory with values in 

ker(Tr : Ext^(F, F) H^(X, ^)). 

By Serre duality, the obstruction theory is dual to the cokernel of the natural inclusion map 

r(X, ^ Hom(F,F), 

which is trivial. The Riemann-Roch theorem shows that x(E, F) = 0, and it follows from stability 
(and Serre duality) that 

dim Ext^(F, F) = 2. 

This shows that is smooth, as desired. □ 

Lemma 5.13. Pushforward defines an isomorphism 

ip : —I 

of k-stacks. 

Proof. First we dehne the morphism. Fix a fc-scheme T. A point of is given by a lift T —)■ 
and a T-point as in Definition 15.91 But the stability condition is preserved under the pushforward 

3F x-piT ^ 3F xT 

by definition of Hence, pushing forward along this morphism gives an object of giving 
the desired morphism. 

To show that ip is an isomorphism of stacks, we will show that it is a proper monomorphism 
(hence a closed immersion) that is surjective on fc-points (hence an isomorphism, as is smooth). 
We first make the following claim. 

Claim 5.14. Given a morphism a : T —i P^ and a family F in M^{T) with pushforward l^F on 
^ xT, we can recover the graph of a as the Stein factorization of the morphism 

Supp(i*F) —I P^ X T, 

where Supp(t*F) denotes the scheme-theoretic support of i^F. 
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Proof. Since X —)■ is cohomologically flat in dimension 0, the claim follows if the natural map 

^arx-piT End(F) 

is injective (as it is automatically compatible with base change on T). By the assumption about 
the determinant of the fibers of F, for each geometric point t ^ T we know that End{Ft) 

is injective (as Ft, supported on one fiber of X —)■ P^, must have full support for the determinant 
on ^ to be correct). The result now follows from Lemma 3.2.3 of [9]. □ 

Suppose 

tl, ^2 • E —)■ P^ 

are two morphisms and Ft is an object of Mgcfi) for i = 1,2. Write 

Li : SF T ^ 3F xT 

for the two closed immersions. If ^{Ff = ^{F 2 ) then their scheme-theoretic supports agree, 
whence their Stein factorizations agree. By the Claim, the two maps ti and t 2 must be equal. But 
then Pi and F 2 must be isomorphic because their pushforwards are isomorphic. 

Now let us show that cp is proper. Fix a complete dvr R over k with fraction field K, a 
morphism SpecX —)■ P^, and an object Fk e Let Speci? -)■ P^ be the unique 

extension ensured by the properness of P^ and let 

L-. 3F 3F ®R 

pi k 

be the natural closed immersion. We wish to show that the unique stable limit F of has 
the form for an i?-flat family of coherent ^^^-twisted sheaves (as the stability condition then 
follows by definition). 

Let be the ideal of the image of i. By assumption, the map of sheaves 

^ Shd{F) 

kills in the generic fiber over R. Since F is i?-flat, so is (Shd{F) (as i? is a dvr). Thus, the 
image of in iShd{F) is i?-flat. But this image has trivial generic fiber, hence must be trivial. It 
follows that 1 / kills whence F has a natural structure of pushforward along i, as desired. □ 

Corollary 5.15. The morphism —)■ P^ is a Gm-gerbe over a smooth surface that is flat overR^. 

Proof. Indeed, the stack is smooth, whence is a union of connected components in 

a smooth stack of dimension 2. The morphism —)■ P^ is dominant by definition and flat 

because is integral. □ 

Corollary 5.16. For any geometric point p —)■ P^ and any object F ofF^s:{p), there is a dvr A, a 
diagram 

P 
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whose horizontal arrow is dominant, and a family ^ G such that = F. In particular, 

any sheaf on a singular fiber sits in a flat family with a sheaf on the generic fiber. 

Proof This follows from the flatness of —)■ P^: one can take a general slice through the image 

of [P] and then take a hnite normal covering to split the restriction of the Gm-gerbe —I 
to the slice. □ 

Proposition 5.17. Suppose ^ is a fi^-gerbe that deforms the trivial gerbe. The following hold for the 
moduli space R^ and the Gm-gerbe R^- 

(1) The morphism 

Rx 

is an etale form of the morphism 

X 

In particular, R^ is naturally an elliptic K3 surface. 

(2) The association ^ i—I [Rx] gi^es the image of the Brauer class of 21 under the Artin-Tate 
isomorphism. 

(3) The universal sheaf defines a Fourier-Mukai equivalence 

^ JT). 

Proof of Proposition \5.TA Let us first check the second statement. It suffices to verify this over the 
generic point rj of P^, so that we may assume X and R are genus 1 curves over k{t). The Leray 
spectral sequence and Tsen’s theorem show that the edge map gives an isomorphism 

Br(X,)^H'(77,Jac(X,)), 

which we can describe concretely as follows. Over k{t) the gerbe 2^ Xp has trivial Brauer 
class, hence carries an invertible twisted sheaf A such that has degree na{2'), which equals 
0 by our assumption that 23 deforms the trivial gerbe. Given an element a of the Galois group 
of k{t) over k{t), there is an invertible sheaf G Pic(X^j^) such that (J*A(8)A^ = Lfxr,- This 
defines a 1-cocycle in the sheaf Picx,,/r;, and its cohomology class is the image of a unique class 
in H^(r 7 , Jac(X,;)), as desired. 

On the other hand, tensoring with A^ gives an isomorphism between the stack of invertible 
-twisted sheaves of degree 1 and the stack of invertible sheaves on Xp of degree 1. The latter 
stack is a gerbe over Xp, and the Galois group induces the cocycle given by the translation action 
of 3ac{Xp) on Xp. But this gives the edge map in the Leray spectral sequence. This proves the 
second statement. 

Now let us show that Rx is a form of X over P^. This turns out to be surprisingly subtle, 
and uses our assumption that 23 deforms the trivial gerbe in an essential way. We begin with a 
lemma. 

Lemma 5.18. Given a fiber D <Z X of f, there is an invertible 23 Xx D-twisted sheaf K of rank 1 
such that for each smooth curve C ^ D the restriction o/A to C has degree 0. 
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Proof. We may replace D with its induced reduced structure, so we will assume that D is a 
reduced curve supported on a hber of /. Write tt : D ^ Spec k for the structure morphism. Let 
T be a smooth curve with two points 0 and 1 and ^ —>■ a /x„-gerbe such that ^ and 

^ ^ (i.e., a curve connecting ^ to the trivial gerbe). Let ^ —)■ Dx be the restriction to D. 

The gerbe S’ gives rise to a morphism of fppf sheaves 

T 

The Kummer sequence shows that there is an isomorphism of sheaves 

PicD/k /nPicD/k ^ R.^vr*/Xp. 

Thus, the gerbe S gives rise to a morphism 

h:T ^ PicD/k /nPicD/k 

under which 0 maps to 0 (by assumption). 

On the other hand, there is a multidegree morphism of fc-spaces 

m 

PicD/fc Z, 

i=l 

where m is the number of irreducible components of D. (This map comes from taking the degree 
of invertible sheaves pulled back to normalizations of components, and surjectivity is a basic 
consequence of the “complete gluing” techniques of [I^.) This gives rise to a morphism 

m 

deg„ : PiCD/k /nPiCD/k -> JJZ/nZ 

i=l 

of sheaves. Composing with h, it follows from the connectedness of T that 1 G T{k) must map 
into the kernel of deg^. 

By Tsen’s theorem, there is an invertible ^-twisted sheaf A, and the above calculation shows 
that is the pullback of an invertible sheaf L on D such that for each irreducible component 
Di C D, the pullback of L to the normalization of Di has degree divisible by n. Let 

Ai e Pic(A) 


be an invertible sheaf whose pullback to the normalization has degree —1. A simple gluing 
argument shows that there is an invertible sheaf 

A e Pic(D) 


such that 

A^i = Xi 


for each i. Replacing A by A ( 8 ) A yields an invertible ^-twisted sheaf whose restriction to each Di 
has degree 0, yielding the desired result (as any non-constant C ^ D factors through a Di). □ 


RATIONAL CURVES IN THE MODULI OF SUPERSINGULAR K3 SURFACES 


17 


To show that is an etale form of X, we may base-change to the Henselization U of at 
a closed point. By Lemma [5.181 there is an invertible twisted sheaf on the closed fiber 

XuCXu 

whose restriction to each irreducible component has degree 0. Since the obstruction to deforming 
such a sheaf lies in 

ff) = 0 , 

we know that A„ deforms to an invertible -twisted sheaf A whose restriction to any smooth 
curve in any fiber of Xjj over U has degree 0. 

Tensoring with A gives an isomorphism of stacks 

m). -1) ^ Shx,/c/(0, -1). 

We claim that this isomorphism preserves iL-stability. Since stability is determined by Hilbert 
polynomials, it suffices to prove the following. 

Claim 5.19. For any geometric point u ^ U and any coherent ^-twisted sheaf G, the geometric 
Hilbert polynomial of l*G equals the Hilbert polynomial ofhy®G. In particular, G is stable if and 
only ifA^®G is stable. 

Proof Since G is hltered by subquotients supported on the reduced structure of a single irre¬ 
ducible component of D, it suffices to prove the result for such a sheaf. Let v \ G ^ D he 
the normalization of an irreducible component. The sheaves and G differ by a sheaf of 

finite length. Thus, it suffices to prove the result for twisted sheaves on G and twisted sheaves of 
finite length. In either case, we are reduced to showing the following: given a finite morphism 
g : S' —)■ Xu from a smooth ic(m)- variety, let ^ S be the pullback of —I X^,. Then for 
any coherent ^.^-twisted sheaf G, the geometric Hilbert polynomial of q^G equals the Hilbert 
polynomial of A^ (g) g*G. 

Using the Riemann-Roch theorem for geometric Hilbert polynomials, the classical Riemann- 
Roch theorem, and the projection formula, we see that it is enough to prove that the geometric 
Hilbert polynomial of G (with respect to the pullback of H to S) equals the usual Hilbert poly¬ 
nomial of Af ® G, under the assumption that A^ has degree 0. 

Let L G Pic'^(S) be the sheaf whose pullback to isomorphic to A®*^. Using the isomorphism 
between ® Q and K(X) ® Q, the geometric Hilbert polynomial of G is identified with the 

usual Hilbert polynomial of the class 

{A^®G)®-L'^. 

n 

But L G Pic°(S'), so this Hilbert polynomial is the same as the Hilbert polynomial of A^ 0 G, as 
claimed. □ 

We conclude that is an etale form of the moduli space of stable sheaves on X —)■ of 
rank 1 and degree 1 on fibers (again using the assumption that 3F deforms the trivial gerbe). 
This is isomorphic to X itself (see Example 15.11) . 
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Finally, we need to prove that the universal sheaf dehnes an equivalence of derived categories. 
It is enough to show that the usual adjunction maps are quasi-isomorphisms (see, e.g.. Proposition 
3.3 of [13]). This shows that it is enough to establish the result etale-locally on P^. But then it 
is enough to show the result for an stale form of the problem, which means that it is enough to 
show that the ideal sheaf of the diagonal of X Xpi X gives an equivalence of derived categories. 
The formula for the Fourier-Mukai transform shows that the ideal sheaf of the diagonal gives the 
identity map, which is an equivalence, as desired. □ 

Remark 5.20. As we saw in the proof of Lemma 15.181 the assumption in Proposition 15.171 that 
^ deforms the trivial gerbe yields a kind of homogeneity of degrees of restrictions of ^ to 
components of hbers. This ensures that the resulting moduli problem can be compared with the 
classical stable sheaf theory on the underlying family of curves (etale-locally on the base). It is 
not fantastically clear to me at the present moment what happens without this hypothesis. 

Corollary 5.21. Suppose given a gi^-gerbe —?• Xp over a connected base T, and a point t E T{k) 

such that is trivial. The relative moduli stack 

contains an open substack 

X —^ ^ 

whose geometric fiber over any t ^ T satisfies the conclusion of Proposition \5.TA In particular, a gerbe 
^ on X X T gives rise to a smooth family of surfaces over T with a morphism 
realizing each fiber as an etale form ofX —> P^. 

Proof. By Lemma [5.121 and Lemma 15.131 the morphism —)■ T is smooth of relative dimension 

2. By smoothness, the functor of connected components of hbers is represented by an etale 
scheme C over T. The condition dehning is an open subset C C C. By Proposition 
15.171 every geometric hber of C is a singleton. It follows that C" — )■ T is an isomorphism, as 
desired. □ 

Corollary 5.22. Given a field L/k and a fj,„^-gerbe ^ ^ X^ deforming the trivial gerbe, there is a 
natural isomorphism of numerical Chow groups 

CH(X) Q 4 CH(/?^) (g) Q. 

In particular, ifQi{L) = 0 then any class in Pic(X;^) is defined over L. 

Proof. This follows from the cohomological form of Fourier-Mukai equivalence combined with 
the isomorphism in rational Chow theory 

CH(^)®Q 4 CH(X)®Q 

induced by pushforward. 

To see that any class is algebraic, note that must have all of its points dehned over 

separable extensions (as the Picard functor of a K3 surface is unramihed). Thus, the points of 
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Pic(i?^) are the Galois invariants in Pic(-R^ G) and these points compute the Picard group 
by the assumption that Br(L) = 0. 

By assumption, the rank of CH(i?_gr) is 24. It follows that the Galois action on 

Pic(i?^ (g) 0 Q 

is trivial, whence the action on the lattice Pic(i?^ 0 is trivial, as desired. □ 

Corollary 5.23. IfX is a supersingular K3 surface ofArtin invariant 10 then no elliptic pencil on 
X has a multisection of degree prime to p. 

Proof First, suppose there is some genus 1 pencil vr : X —)■ with a section. Since X has Artin 

invariant 10, any family 

X —I Spec fc|f] 

with supersingular generic hber and special hber will yield a restriction isomorphism 

Pic(X) ^ Pic(X). 

In particular, as in Lemma 2.3 of [l2], any multisection of tt will deform in any deformation of vr. 

In the situation of Proposition 15.171 applied to the universal element of Br(X), we know that 
the geometric generic fiber pencil must be a non-trivial form of tt (over fc((t))). It follows that the 
generic fiber pencil cannot have a multisection of degree prime to p. By the previous paragraph, 
we see that the special fiber thus cannot have a section, as claimed. □ 

6. Rational curves in moduli spaces 

Fix a supersingular elliptic K3 surface X with Artin invariant 10 and let r : X —)■ NS(X) 
be a marking by the standard K3 lattice of Artin invariant 10. In addition, fix an elliptic pencil 
/ : X —I and an ample divisor H C X. We will write ^ for the period space of X-marked 
supersingular K3s defined by Ogus in p7) . 

The Leray spectral sequence for with respect to / and the vanishing of cohomology of A^ 
give a class 

5 G H2(X X A\/Xp) 

that induces a closed and open immersion 

A^ 

onto the connected component of the identity. Let X X A^ be a /x^-gerbe representing a. 

Every fiber of liX" over A^ deforms the trivial gerbe, since parametrizes the trivial class in 
H^(X, pip), so we can apply Corollary 15.211 In particular, we can form the relative moduli space 
of stable twisted sheaves and use the fiberwise calculations of Section!^ Write Y := —» A^ 

for the family of moduli spaces; there is a morphism X —)■ P^ X A^ such that each fiber over 
A^ is an etale form of X —l P^. Moreover, there is a canonical isomorphism Yq = X, giving a 
marking of Yq. 
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Proposition 6.1. The marking 
extends to a marking 
giving a family in 0^{T). 


t-.N^ NS(Fo) 
N —^ PiCy/j', 


Proof. By Corollary 15.221 we know that the hbers of Y over (not necessarily geometric) points of 
have Picard group of rank 22 (over their helds of dehnition) 22. On the other hand, for each 
point Spec L PY with L of transcendence degree at most 1 over k, we have (by Tsen’s theorem) 
that Pic(yi) is the Galois-invariants in Pic(h^). Since the invariants have rank 22, it follows that 
the Galois action on Pic(y^) ® Q is trivial, whereupon Pic(YL) = Pic(l^) by the semisimplicity 
of hnite groups in characteristic 0. 

Since Yq has Artin invariant 10, the (injective) specialization map 

Pic(%i))) ^ Pic(yo) 

must be an isomorphism. By Popescu’s theorem, this descends to some generically etale extension 
of A^ with non-empty fiber over 0. Combining this with the previous statement, we see that the 
specialization map 

Pic(n(p) ^ Pic(Fo) 

over A^ is an isomorphism. There is a canonical injection 

Pic(np)) ^ Pic(F) 

given by taking closure of divisors, noting that every fiber is smooth, so that closure is a group 
homomorphism. This gives rise to a global marking 

N Pic(F) 

extending r, as desired. □ 

Theorem 6.2. Given (A, r) and / : A — )■ a : — )■ A above, let 

be the morphism induced by ip and Proposition \67k so that c(0) = (A, r). The morphism c is non¬ 
constant. In particular, every point of Artin invariant 10 in lies in a non-trivial rational curve. 

Proof. It remains to prove that c is non-constant. But this follows from Corollary 15.21 and the fact 
that the geometric Brauer class over the generic point of (R^7r*/Xp)° is not the pullback of a class 
over k. □ 


As we will see in the next section, distinct elliptic structures on A gives rise to physically 
distinct curves in (i.e., distinct even after reparametrization), showing that this construction 
yields an infinite collection of rational curves in through every general point. (It is somewhat 
surprising that this is true. One naively expects that the orbits of the automorphism group of A 
acting on the elliptic pencils should parametrize these special rational curves, but that turns out 
to be too pessimistic.) 
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7. Static pencils and deformations 

Let X be a super singular K3 surface of Artin invariant 10. Since the Artin invariant is maximal, 
for any deformation of X over a Henselian local ring, say 

X--X 

Spec k -^ Spec i?, 

we have that the restriction map Pic(X) —I Pic(X) is an isomorphism. 

Lemma 7.1. Suppose / ; X —)■ w a pencil of genus 1 curves on X. Given a deformation X/R as 

above, there is a deformation of f to a relative pencil F ; X —)■ P)j. 

Proof. Let F be a smooth fiber of /. First, since X has Artin invariant 10, the class of F lifts 
over R to some invertible sheaf ^ G Pic(X). It follows from basic deformation theory and the 
vanishing of H^(X, that in fact the global sections of |x lift to sections of over X. 

This lifts the pencil. □ 

Definition 7.2. Suppose X —I F is a deformation of X over a Henselian local /c-algebra /c —)■ F. 
A pencil / : X —)■ P^ is static with respect to the deformation Xjr if there is a lift of the pencil 
F ; X —)■ P)j such that the pencils f ® R and F are isomorphic etale-locally on P|j. 

Definition 7.3. Two pencils / : X —)■ P^ and ; X —)• P^ are distinct if there is no commutative 
diagram 



pi-^ pi 

of isomorphisms. Equivalently, the fibers of / and g are not linearly equivalent. 

Definition 7.4. Two pencils / : X —)■ P^ and g '■ X —)■ P^ are transverse if there is a smooth fiber 
F := and a smooth fiber D ;= g~^(x') such that EClD is reduced and ff(E) ^ In 

other words, general fibers of / and g are not linearly equivalent and they intersect transversely. 
Equivalently, the restriction of the morphism / to a general fiber of g is generically etale (or vice 
versa). 

Proposition 7.5. Suppose R is a Henselian local augmented k-algebra. IfX^ SpecF is a de¬ 
formation of X over which two transverse pencils remain static then X is isomorphic to the constant 
deformation Xr. 

Proof. Write 

/i,/2:X^pi 


for the pencils with static lifts 


Fi,F2:X^P)j. 
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Write P = P|j X P|j and P for the formal scheme given by completing P along the augmentation 
ideal of R. 

Since /i and /2 are distinct, we have two finite maps 

$ = (Fi,F2) : X^P 

and 

^ = ((/i)k, (/2)/?) : Xr P. 

Moreover, since the pencils are transverse, we know that $ and (f are generically etale. Write X 
and Xji for the formal schemes given by completing each along the augmentation ideal of R, so 
that there are finite generically etale morphisms of formal schemes 

8 : X^ P 

and 

(p: Xr^ P. 

Under the assumption that both /i and /2 are static pencils, we have that both $ and p are 
isomorphic etale-locally on P. The etale sheaf Isomp($,99) is thus a torsor under the sheaf 
Aut(</9), and similarly for Isomp(<f>, ^). By the infinitesimal rigidity of the etale site, we can 
identify the small etale site of P with the small etale site of P ®r k. Via this identification, there 
is a reduction map 

Autp(99) -)■ Autpj^(99fc). 

Since X is integral and P is generically unramified, we know that this reduction map is an 
isomorphism (i.e., there are no infinitesimal automorphisms for a generically etale finite morphism 
with integral domain). There is thus an induced isomorphism 

E\P,„Antp{p)) ^ }l\{Pk),uAntp,{pk)). 

Since $ and p are isomorphic over k (being deformations of the same pair of pencils), it follows 
that the class of the torsor Isomp(<h, p) is trivial. On the other hand, the Grothendieck existence 
theorem shows that the natural completion map 

Hl(Pet,Autp($,(^)) ^ Hi((P)et,Autp($,^)) 

is injective (in fact, an isomorphism). It follows that Isomp($, p) is a trivial torsor, which shows 
that P is isomorphic to the trivial deformation, and thus that X itself is isomorphic to the trivial 
deformation of X. □ 

Definition 7.6. Call two pencils f,g\X-^P^ inequivalent if the fibers of / and g over 0 are 
not linearly equivalent. 

Proposition 7.7. Suppose R is a normal Henselian local augmented k-algebra. IfX —)■ SpecP is 
a deformation of X over which two inequivalent pencils remain static then X is isomorphic to the 
constant deformation Xr. 
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Proof. We start with the same morphisms 

$ : X ^ F 

and 

P '■ Xr P 

as in the proof of Proposition 17.51 and, as above, we know that they are isomorphic etale-locally 
on F. What we do not know is that $ and cp are generically etale. We can avoid this since we are 
working with a normal domain R as the base ring. 

First, write X —I F^ as a composition 

X ^ Pk 

where X —)■ F^ is separable and X —I X is purely inseparable. This is canonical (taking X to be 
the normalization of F inside the separable closure of k{P) inside k{X)), and the factorization 

Xr^Xr^P 

is identihed with the normalization of F inside the separable closure of K{P) in K(Xr). 

Since X is etale-locally isomorphic to Xr, it follows that for the analogous factorization 

X ^ X ^ F, 

we know that X is an etale form of X r. By the arguments in the proof of Proposition 17.51 we 
conclude that X = Xr. Choose an identification between the two. It remains to show that the 
two deformations of X —I X are themselves isomorphic, knowing that they are simultaneously 
purely inseparable and etale-locally isomorphic. 

Passing to the generic point of Xr, we have two purely inseparable field extensions Mi/L and 
M 2 /L such that 

Ml ® = M2® 

L L 

Since every scheme in sight is normal, it suffices to show that Mi = M 2 (as F-algebras). But the 
automorphism sheaf Aut2,(Mi) on the small etale site of Spec L is the singleton sheaf (since Mi 
and are linearly disjoint, and a purely inseparable field extension has trivial automorphism 
group). Thus, etale forms are all trivial, as desired. □ 

Remark 7.8. The reader will note the curious fact that the proof of Proposition 17.71 uses the 
normality of R in an essential way. In particular, we gain no insight into the infinitesimal 
properties of pairs of static pencils that are not transverse. As Maulik as pointed out to us, 
if one works over a finite base field, one can deduce from Propositions 17.51 and 17.71 that given an 
infinite list of pencils on X, applying the construction of Theorem 16. 2l below yields an infinite list 
of curves such that for any given finite order n, infinitely many of these curves must agree up to 
order n (as there are only finitely many jets of a given order on the Ogus space over a finite field). 
In particular, we cannot have infinitely many pairwise transverse pencils on a supersingular K3 
surface of Artin invariant 10. 

Proposition 7.9. Let X be a K3 surface and vr : X —i «« elliptic pencil. The locus in Defx 

parametrizing deformations over which vr remains static is 1-dimensional. 
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Proof. Let Defx/pi be the functor whose objects over an augmented Artinian fc-algebra A are 
Cartesian diagrams 


A--X 



in which the vertical arrows are flat and proper. (In other words, Def^/pi parametrizes relative 
deformations of the pencil.) Let Def^/pi denote the sub functor parametrizing families that are 
isomorphic to the constant family 

X-^ 

pi- 

locally on P^. 

Lemma 7.10. The functor Deix/p^ is prorepresentable. 

Proof. We will temporarily write F for the functor Def^/pi. To show that F is prorepresentable, 
we will use Schlessinger’s criterion. Given morphisms A —)■ G and 5 —)■ G in Artfc, there is a 
natural diagram 

(7.0.2) F{A XcB)^ F{A) Xp^c) F{B) 

We need to check the following. 

(1) l|7.0.2|l is a surjection when i? —)■ G is small 

(2) l|7.0.2| is a bijection when C = k and B = A;[e:] 

(3) F{k[e]) is a hnite-dimensional vector space (with its natural structure) 

(4) if A —>■ G is small then F(A Xc A) —>■ F(A) xp(^c) B{A) is a bijection 

Since we already know that these conditions hold for the moduli of diagrams X —>■ pi, the key 
is showing that they respect the etale-local triviality condition. In other words, we need to show 
that given a family 

^ PaxcS 

such that the restricted families 
and 

Xp —)■ P]^ 

are etale-locally isomorphic to the trivial family, then the same holds for the original family. But 
we know that the morphism of 

Isompi (X, Xaxcb) Isompi (Xa, Xa) Xisom^i {Xc,Xc) Isompi (X^, Xp) 

is an isomorphism under all of the listed conditions because the stack of elliptic surfaces is 
algebraic. The results now follow from the topological invariance of the etale site. □ 
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Lemma 7.11. The formal scheme Def^/pi is formally smooth and 1-dimensional. 

Proof The infinitesimal automorphism sheaf 32 / of X —l is precisely the normal sheaf of the 
0-section l J of the Jacobian fibration of X. Since J is also a K3 surface, the normal sheaf 
is &{—2). In particular, H^(P^,32/) is 1-dimensional and H^(P^,£/) = 0. Given a square-zero 
extension A ^ Aq with ideal sheaf / and a point Def^/pi (Aq), the lifts to A are obstructed 
by elements of ^ I) and form a pseudo-torsor under It follows 

that deformations are unobstructed (so Def^^pi is formally smooth) and the tangent space is 
1-dimensional, as desired. □ 


Le mm a 7.12. The forgetful morphism 


Defx/pi ^ Defx 


is a closed immersion of formal k-schemes 
Proof. It is enough to show that the tangent map 


TDef^/pi ^TDefx 


is injective. Suppose 


X, ^Pl 


k[e] 


is a tangent vector that maps to 0. This means that the underlying surface X^ is isomorphic to 
Xfc[e] in a way compatible with the identifications over k. Choosing such an isomorphism yields 
two morphisms 

f-,9 '■ ^k[e\ Pfc[£] 

with the property that for each fc-point p G P^, the restrictions of / and g to p^kk[e] are 
constant. Consider the Stein factorization of the induced morphism 

if, 9 ) ■ ^k[e] -> Pfc[el Xj 

Since every scheme in sight is e-flat, the Stein factorization is a finite e-flat morphism 

^ ^ P^ X P^ 


'k[e\ XSpecfc[e] PA;[e]- 


over k[e\. Moreover, S is isomorphic to the diagonal by the definition of the moduli 
problems. Thus, S is an infinitesimal deformation of the diagonal A cPlx P^. We know that 
= 2, so the space of infinitesimal deformations is a tosor under H°(P^, In fact, this is 

just the tangent space to the automorphism group scheme PGL 2 of P^. Since each fc-point must 
be fixed (by the static assumption), there are no non-trivial infinitesimal automorphisms, and we 
see that f = g, as desired. □ 

This completes the proof of Proposition 17.91 

□ 
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